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Suppose K is a nonempty closed convex subset of a real Banach space E. Let S,T : K → K





n=1 vn <∞, and F = F(S)∩ F(T) := {x ∈ K : Sx = Tx = x} = ∅.
Suppose {xn} is generated iteratively by x1 ∈ K , xn+1 = (1− αn)xn + αnSn[(1− βn)xn +
βnTnxn], n ≥ 1, where {αn} and {βn} are real sequences in [0,1]. It is proved that (a)
{xn} converges strongly to some x∗ ∈ F if and only if liminfn→∞d(xn,F) = 0; (b) if X is
uniformly convex and if either T or S is compact, then {xn} converges strongly to some
x∗ ∈ F. Furthermore, if X is uniformly convex, either T or S is compact and {xn} is
generated by x1 ∈ K , xn+1 = αnxn +βnSn[α′nxn +β′nTnxn + γ′nz′n] + γnzn, n≥ 1, where {zn},
{z′n} are bounded, {αn}, {βn}, {γn}, {α′n}, {β′n}, {γ′n} are real sequences in [0,1] such that
αn + βn + γn = 1 = α′n + β′n + γ′n and {γn}, {γ′n} are summable; it is established that the
sequence {xn} (with error member terms) converges strongly to some x∗ ∈ F.
Copyright © 2006 N. Shahzad and A. Udomene. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, dis-
tribution, and reproduction in any medium, provided the original work is properly cited.
1. Introduction
Let K be a nonempty subset of a real normed linear space E. Let T be a self-mapping
of K . Then T is said to be asymptotically nonexpansive with sequence {vn} ⊂ [0,∞) if




for all x, y ∈ K and n ≥ 1; and is said to be asymptotically quasi-nonexpansive with se-
quence {vn} ⊂ [0,∞) if F(T) := {x ∈ K : Tx = x} =∅, limn→∞ vn = 0 and
∥
∥Tnx− x∗∥∥≤ (1+ vn
)‖x− x∗‖ (1.2)
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2 Approximating common fixed points
for all x ∈ K , x∗ ∈ F(T) and n≥ 1. The mapping T is called nonexpansive if ‖Tx−Ty‖ ≤
‖x− y‖ for all x, y ∈ K ; and is called quasi-nonexpansive if F(T) = ∅ and ‖Tx− x∗‖ ≤
‖x− x∗‖ for all x ∈ K and x∗ ∈ F(T). It is therefore clear that a nonexpansive mapping
with a nonempty fixed point set is quasi-nonexpansive and an asymptotically nonexpan-
sive mapping with a nonempty fixed point set is asymptotically quasi-nonexpansive. The
converses do not hold in general. The mapping T is called uniformly (L,γ)-Lipschitzian if
there exists a constant L > 0 and γ > 0 such that
∥
∥Tnx−Tny∥∥≤ L‖x− y‖γ (1.3)
for all x, y ∈ K and n≥ 1.
The class of asymptotically nonexpansive maps was introduced by Goebel and Kirk [3]
as an important generalization of the class of nonexpansive maps. They established that if
K is a nonempty closed convex bounded subset of a uniformly convex Banach space E and
T is an asymptotically nonexpansive self-mapping of K , then T has a fixed point. In [4],
they extended this result to the broader class of uniformly (L,1)-Lipschitzian mappings
with L < λ, where λ is suﬃciently near 1.
Iterative techniques for approximating fixed points of nonexpansive mappings and
their generalizations (asymptotically nonexpansive mappings, etc.) have been studied by
a number of authors (see, e.g., [1, 12–15] and references cited therein), using the Mann
iteration method (see, e.g., [7]) or the Ishikawa-type iteration method (see, e.g., [5]).
In 1973, Petryshyn and Williamson [8] established a necessary and suﬃcient con-
dition for a Mann iterative sequence to converge strongly to a fixed point of a quasi-
nonexpansive mapping. Subsequently, Ghosh and Debnath [2] extended Petryshyn and
Williamson’s results and obtained some necessary and suﬃcient conditions for an
Ishikawa-type iterative sequence to converge to a fixed point of a quasi-nonexpansive
mapping. Recently, in [9, 10], Qihou extended the results of Ghosh and Debnath to the
more general asymptotically quasi-nonexpansive mappings. More precisely, he obtained
the following result.
Theorem 1.1 [9, Theorem 1, page 2]. Let K be a nonempty closed convex subset of a Ba-
nach space E and T : K → K an asymptotically quasi-nonexpansive mapping with sequence
{vn} ⊂ [0,∞) such that
∑∞
n=1 vn <∞, and F(T) = ∅. Let {αn} and {βn} be real sequences











, n≥ 1, (1.4)
converges strongly to some fixed point of T if and only if liminfn→∞d(xn,F(T)) = 0, here
d(y,C) denotes the distance of y to a set C, that is, d(y,C)= inf{d(y,x) : x ∈ C}.
Furthermore, in [11], Qihou also established suﬃcient conditions for the strong con-
vergence of the Ishikawa-type iterative sequences with error member for a uniformly
(L,γ)-Lipschitzian asymptotically nonexpansive self-mapping of a nonempty compact
convex subset of a uniformly convex Banach space. In [6], Khan and Takahashi studied
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the problem of approximating common fixed points of two asymptotically nonexpansive
mappings and obtained the following result.
Theorem 1.2 [6, Theorem 2, page 147]. Let E be a uniformly convex Banach space andK a
nonempty compact convex subset of E. Let S,T : K → K be two asymptotically nonexpansive
mappings with sequence {kn− 1} ⊂ [0,∞) such that
∑∞
n=1(kn− 1) <∞, and F(S)∩F(T) =
∅. Let {αn} and {βn} be real sequences in [,1− ] for some  ∈ (0,1). Then the sequence











, n≥ 1 (1.5)
converges strongly to some common fixed point of S and T .
The purpose of this paper is to establish:
(i) necessary and suﬃcient conditions for the convergence of the Ishikawa-type itera-
tive sequences involving two asymptotically quasi-nonexpansive mappings to a common
fixed point of the mappings defined on a nonempty closed convex subset of a Banach
space, and
(ii) a suﬃcient condition for the convergence of the Ishikawa-type iterative sequences
involving two uniformly continuous asymptotically quasi-nonexpansive mappings to a
common fixed point of the mappings defined on a nonempty closed convex subset of a
uniformly convex Banach space. Further, we establish, as corollaries, the cases with error
member terms. Our results are significant generalizations of the corresponding results of
Ghosh and Debnath [2], Petryshyn and Williamson [8], Qihou [9–11], and of Khan and
Takahashi [6].
2. Preliminaries
In what follows, we will make use of the following lemmas.
Lemma 2.1 (see, e.g., [13]). Let E be a uniformly convex Banach space and {αn} a se-
quence in [,1− ] for some  ∈ (0,1). Suppose {xn} and {yn} are sequences in E such that
limsupn→∞‖xn‖ ≤ r, limsupn→∞‖yn‖ ≤ r, and limsupn→∞‖αnxn + (1− αn)yn‖ = r hold
for some r ≥ 0. Then limn→∞‖xn− yn‖ = 0.
Lemma 2.2 (see, e.g., [16]). Let p > 1 and R > 1 be two fixed numbers and E a Banach space.
Then E is uniformly convex if and only if there exists a continuous, strictly increasing, and
convex function g : [0,∞)→ [0,∞) with g(0) = 0 such that ‖λx + (1− λ)y‖p ≤ λ‖x‖p +
(1− λ)‖y‖p −Wp(λ)g(‖x− y‖) for all x, y ∈ BR(0) = {x ∈ E : ‖x‖ ≤ R}, and λ ∈ [0,1],
where Wp(λ)= λ(1− λ)p + λp(1− λ).
Lemma 2.3 (see, e.g., [14]). Let {λn} and {σn} be sequences of nonnegative real numbers
such that λn+1 ≤ λn + σn,∀n≥ 1 and
∑∞
n=1 σn <∞. Then limn→∞ λn exists. Moreover, if there
exists a subsequence {λnj} of {λn} such that λnj → 0 as j →∞, then λn→ 0 as n→∞.
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3. Main results
Let K be a nonempty closed convex subset of a real Banach space E. Let S,T : K → K













with x1 ∈ K , n≥ 1, where {αn} and {βn} are sequences in [0,1].
Theorem 3.1. Let E be a real Banach space and K a nonempty closed convex subset of
E. Let S,T : K → K be two asymptotically quasi-nonexpansive mappings with sequences




n=1 vn <∞, and F = F(S)∩F(T) := {x ∈
K : Sx = Tx = x} = ∅. Let {αn} and {βn} be sequences in [0,1]. Starting from arbitrary
x1 ∈ K , define the sequence {xn} by the recursion (3.1). Then




(2) There exists a constant M > 0 such that ‖xn+m− x∗‖ ≤M‖xn− x∗‖ for all n,m≥ 1
and x∗ ∈ F.





































































where bn = un + vn +unvn with
∑∞
n=1 bn <∞.
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Theorem 3.2. Let E be a real Banach space and K a nonempty closed convex subset of E. Let
S,T : K → K be two asymptotically quasi-nonexpansive mappings (S and T need not be con-




n=1 vn <∞, and
F = F(S)∩ F(T) := {x ∈ K : Sx = Tx = x} = ∅. Let {αn} and {βn} be sequences in [0,1].
From arbitrary x1 ∈ K , define the sequence {xn} by the recursion (3.1). Then {xn} converges
strongly to some common fixed point of S and T if and only if liminfn→∞d(xn,F)= 0.
Proof. It suﬃces that we only prove the suﬃciency. By Theorem 3.1, we have ‖xn+1 −
x∗‖ ≤ (1+ bn)‖xn− x∗‖ for all n≥ 1 and x∗ ∈ F. Therefore, d(xn+1,F)≤ (1+ bn)d(xn,F).
Since
∑∞
n=1 bn <∞ and liminfn→∞d(xn,F)= 0, it follows by Lemma 2.3 that limn→∞d(xn,
F)= 0. Next we will show that {xn} is a Cauchy sequence. Since limn→∞d(xn,F)= 0, given
any  > 0, there exists a natural number n0 such that d(xn,F) < /4M for all n≥ n0. Here
M > 0 is the constant in Theorem 3.1(2). So we can find w∗ ∈ F such that ‖xn0 −w∗‖ ≤






















This implies that {xn} is a Cauchy sequence and so is convergent, since X is complete.
Let limn→∞ xn = y∗. Then y∗ ∈ K . It remains to show that y∗ ∈ F. Let ̂ > 0 be given.
Then there exists a natural number n1 such that ‖xn− y∗‖ < ̂/2max{2 + u1,2 + v1} for
all n≥ n1. Since limn→∞d(xn,F)= 0, there exists a natural number n2 ≥ n1 such that for
all n≥ n2 we have d(xn,F) < ̂/3max{2+u1,2 + v1} and in particular we have d(xn2 ,F) <
̂/3max{2+u1,2 + v1}. Therefore, there exists z∗ ∈ F such that ‖xn2 − z∗‖ ≤ ̂/2max{2+
u1,2 + v1}. Consequently we have
‖Sy∗ − y∗‖ = ∥∥Sy∗ − z∗ + z∗ − xn2 + xn2 − y∗
∥
∥











































This implies that y∗ ∈ F(S). Similarly, y∗ ∈ F(T). Hence y∗ ∈ F. This completes the
proof. 
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Theorem 3.3. Let E be a real uniformly convex Banach space and K a nonempty closed
convex subset of E. Let S,T : K → K be two uniformly continuous asymptotically quasi-
nonexpansive mappings with sequences {un},{vn} ⊂ [0,∞) such that
∑∞
n=1un < ∞ and∑∞
n=1 vn <∞, and F = F(S)∩ F(T) := {x ∈ K : Sx = Tx = x} = ∅. Let {αn} and {βn} be
sequences in [,1− ] for some  ∈ (0,1). From arbitrary x1 ∈ K , define the sequence {xn}












Proof. Let x∗ ∈ F. Then, by Theorem 3.1(1) and Lemma 2.3, limn→∞‖xn− x∗‖ exists. Let
limn→∞‖xn− x∗‖ = r. If r = 0, then by the continuity of S and T the conclusion follows.












Set yn = (1− βn)xn + βnTnxn. Since {xn} is bounded, there exists R > 0 such that xn −














































































































where cn = (1− )[2(un + vn) + (u2n + 4unvn + v2n) + 2(unv2n + u2nvn) + v2nv2n]. Observe that
W2(αn)≥ 2 and
∑∞


















Therefore, we have limn→∞ g(‖Snyn− xn‖)= 0. Since g is strictly increasing and continu-
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Since S is uniformly continuous and ‖xn− yn‖ → 0 as n→∞, it follows from (3.18) that
limn→∞‖Snxn− xn‖ = 0. This completes the proof. 
Theorem 3.4. Let E be a real uniformly convex Banach space and K a nonempty closed
convex subset of E. Let S,T : K → K be two uniformly continuous asymptotically quasi-
nonexpansive mappings with sequences {un},{vn} ⊂ [0,∞) such that
∑∞
n=1un < ∞ and∑∞
n=1 vn <∞, and F = F(S)∩ F(T) := {x ∈ K : Sx = Tx = x} = ∅. Let {αn} and {βn} be
sequences in [,1− ] for some  ∈ (0,1). From arbitrary x1 ∈ K , define the sequence {xn}
by the recursion (3.1). Assume, in addition, that either T or S is compact. Then {xn} con-
verges strongly to some common fixed point of S and T .



















If T is compact, then there exists a subsequence {Tnkxnk} of {Tnxn} such that Tnkxnk → x∗
as k→∞ for some x∗ ∈ K and so Tnk+1xnk → Tx∗ as k→∞. From (3.19), we have xnk →
x∗ as k→∞. Also Snk ynk → x∗ as k→∞ by (3.20). Since ‖xnk+1− xnk‖ ≤ ‖xnk − Snk ynk‖,
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it follows that xnk+1→ x∗ as k→∞. Again, from (3.20), we have Snk+1ynk+1→ x∗. Next we
show that x∗ ∈ F. Notice that
∥

















Since T is uniformly continuous, taking the limit as k→∞ and using (3.19), we obtain
that x∗ = Tx∗ and so x∗ ∈ F(T). Notice also that
∥

















Letting k →∞, we also have that x∗ = Sx∗ and so x∗ ∈ F(S). Thus x∗ ∈ F. Hence, by
Lemma 2.3, xn → x∗ ∈ F since limn→∞‖xn − x∗‖ exists. If S is compact, then essentially
the same arguments as above give the conclusion. This completes the proof. 
Corollary 3.5. Let E be a real uniformly convex Banach space and K a nonempty compact
convex subset of E. Let S,T : K → K be two continuous asymptotically quasi-nonexpansive




n=1 vn <∞, and
F = F(S)∩F(T) := {x ∈ K : Sx = Tx = x} = ∅. Let {αn} and {βn} be sequences in [,1−
] for some  ∈ (0,1). From arbitrary x1 ∈ K , define the sequence {xn} by the recursion
(3.1). Then {xn} converges strongly to some common fixed point of S and T .
Corollary 3.6. Let E be a real uniformly convex Banach space and K a nonempty compact
convex subset of E. Let T : K → K be a continuous asymptotically quasi-nonexpansive map-
ping with sequence {vn} ⊂ [0,∞) such that
∑∞
n=1 vn <∞. Let {αn} and {βn} be sequences













with n≥ 1. Then {xn} converges strongly to some fixed point of T .
Remarks. (1) Corollary 3.5 extends Theorem 1.2 to the more general class of mappings
considered in this paper. It is worth noting that Theorem 1.2 is proved for two asymptot-
ically nonexpansive mappings having the same sequence {un} (here un = kn − 1). How-
ever, in our results S and T have separate sequences {un} and {vn}, respectively.
(2) Theorem 3.2 contains as special cases Theorem 1.1, the main result of Qihou [9],
together with [9, Corollaries 1 and 2], which are themselves extensions of the results of
Ghosh and Debnath [2] and Petryshyn and Williamson [8].
(3) Theorem 3.7 and Corollary 3.8 below are easily provable since the sequences {γn},
{γ′n} in [0,1] are assumed summable and the sequences {zn}, {z′n} inK are bounded. Usu-
ally, once a convergence result has been established for an iteration scheme without errors,
such as (1.4) or (3.1), it is not always diﬃcult to establish the corresponding result for the
casewith errors such as themain theorem of [11] or Theorem 3.7 and Corollary 3.8 below,
once {γn}, {γ′n} are assumed summable and the sequences of error terms are bounded.
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Theorem 3.7. Let E, K , S, T and F be as in Theorem 3.4. Let {αn}, {βn}, {γn}, {α′n}, {β′n},
and {γ′n} be sequences in [0,1] with αn + βn + γn = α′n + β′n + γ′n = 1 for all n ≥ 1. From
arbitrary x1 ∈ K , define the sequence {xn} by
xn+1 = αnxn +βnSnyn + γnzn,
yn = α′nxn +β′nTnxn + γ′nz′n,
(3.24)
where {zn} and {z′n} are bounded sequences in K . Suppose (i) for some  ∈ (0,1), βn + γn ∈




n=1 γ′n <∞. Then
{xn} converges strongly to some common fixed point of S and T .
Corollary 3.8. Let E, K , S, T and F be as in Corollary 3.5. Let {xn} be defined as in
Theorem 3.7 and let the sequences {αn}, {βn}, {γn}, {α′n}, {β′n}, and {γ′n} satisfy the same
conditions as in Theorem 3.7. Then {xn} converges strongly to some common fixed point of
S and T .
Remarks. (4) Corollary 3.8 extends the results of Qihou [11] to the more general class of
continuous asymptotically quasi-nonexpansive mappings on a compact convex subset of
a uniformly convex Banach space.
(5) In Theorems 3.3, 3.4 and Corollaries 3.5, 3.6, the prototypes for the sequence {αn}
and {βn} are αn = 1/2= βn for all n≥ 1. In this case  = 1/4 satisfies the conditions given
therein.
(6) In Theorem 3.7 and Corollary 3.8, the prototypes for the sequences {αn}, {βn},
{γn}, {α′n}, {β′n}, and {γ′n} are αn = 3/4− 1/(n + 1)2 = α′n; βn = 1/4 = β′n; γn = 1/(n +
1)2 = γ′n for all n≥ 1. In this case,  = 1/4 satisfies the conditions given therein.
(7) Theorems 3.1, 3.2, 3.3, 3.4, 3.7 and Corollaries 3.5, 3.6, 3.8 remain true for the
subclass of asymptotically nonexpansive mappings.
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